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Abstract. A field theoretic model derived from a lattice spin model is studied within the
framework of the renormalisation group. To second order in ¢ =4 —d, where d is the
dimensionality of the lattice, the non-universal fixed point and the amplitude of the leading
correction to scaling for the susceptibility are determined for two types of lattice. The
functional form obtained for the amplitude compares qualitatively well with high-
temperature series work; in particular, it gives a prediction for the amplitude of corrections
to scaling for the spin-§ Ising model on a body centred cubic lattice in three dimensions
that is in fair numerical agreement with high-temperature series estimates.

1. Introduction

Until some recent work had been performed (Nickel 1982, Roskies 1981) there existed
a discrepancy between estimates for critical exponents which are expected to be
universal on the basis of renormalisation group (RG) arguments. The values yielded
by high-temperature series analysis (see Domb 1974, Gaunt 1982 for reviews) and
those given by RG techniques (Baker et al 1976, 1978, Le Guillou and Zinn-Justin
1977, Zinn-Justin 1982) were not reconcilable within the estimated accuracies of the
different methods. This difference was particularly marked for the exponent y govern-
ing the divergence of the susceptibility as the critical temperature is approached.
Nickel (1982) and Roskies (1981} introduced terms representing confluent (weaker)
singularities into the high-temperature series analysis and studied the effect of these
terms on the estimates for exponents. They found that the modified high-temperature
series estimates could then be reconciled with the existing RG results. Using the value
of the confluent singularity exponent calculated by RG methods, Nickel (1982)
examined the general spin-s Ising mode! with nearest-neighbour interactions only on
a body centred cubic lattice in three dimensions. He found that the amplitude of the
confluent singularity term was a function of the spin s and in addition he was able to
estimate the amplitude of the confluent singularity for the spin-3 model. Roskies
(1981) also estimates the amplitude for the spin-% model.

Confluent singularities or corrections to scaling arise naturally in the RG approach
(Wegner 1972). It further predicts that the amplitude of the leading corrections to
scaling should be a function of the coupling constant g, that it should be characterised
by an exponent » and that the amplitude vanishes if the coupling constant coincides
with the fixed point g = g*. The purpose of this paper is to study the field theory
arising from the transformation of a discrete lattice spin model with nearest-neighbour
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interactions only. We seek to find the extent to which the results of Nickel’s calculations
are in agreement with field theoretic estimates for such non-universal quantities.

The lattice spin model we will use is defined in § 2. A field theory is obtained by
performing a Hubbard transformation (Hubbard 1972, Baker 1962) on the lattice
spin model. The field theory we obtain differs in a few respects from a normal ¢ *(x)
field theory. The presence of the lattice means that integrals in momentum space run
over the Brillouin zone of the specific lattice type. In addition, the Hubbard transfor-
mation generates interactions of arbitrary order in ¢ leading to a number of extra
diagrams to be considered.

In § 3 we use the formulation of the renormalisation group given by Zinn-Justin
(1973), that of working with the bare vertex functions to maintain contact with the
parameters of the lattice Hamiltonian. The vertex functions are expressed as functions
of the reduced temperature.

Section 4 contains the graphical expansion for the bare vertex functions. We keep
graphs with up to two loops in order to calculate the RG functions 8(g), v42(g), v+ (g)
to second order in g and . We express these functions in terms of graphs to identify
which graphs contribute at a given order in ¢ and g.

In order to reduce the number of graphs that must be evaluated we use arguments
based on universality of exponents in § 5. The universality of exponents (the foremost
result of RG studies) which are obtained from the RG functions B(g), v42(g), v+(g) at
the fixed point g = g* gives rise to conditions on the coefficients of these functions as
power series in ¢ and g. This policy of using universal results greatly reduces the
number of graphs that must be evaluated in general dimension d to provide an
expansion in ¢ for non-universal quantities such as the fixed point and the amplitude
of the leading corrections to scaling. The details of the transform methods that make
possible the analytic continuation in d for the required graphs are given in appendices
1 and 2 for two different lattice types. The results enable the determination of the
fixed point, g*, to be made to O(2) in an asymptotic series for both the simple cubic
(sc) and body centred cubic (Bcc) lattices.

In § 6 an expression for the susceptibility above the critical temperature is derived.
It is more complicated than in a d%(x) theory as the external field conjugate to the
spin variable couples in a more complex way to the field ¢,.

We follow the prescription of Bruce and Wallace (1976) and solve the RG equations
by the method of characteristics in § 7. By relating vertex functions near criticality to
those far from criticality where the perturbation expansion may be trusted, the
crossover scaling functional form of the susceptibility may be determined. This allows
the functional form of the amplitude of the leading corrections to scaling to be found
for the coupling constant g close to its fixed point value g* and hence we can estimate
the numerical value of the amplitude for the spin-3 Ising model on the sc and Bcc
lattices in three dimensions.

Section 8 summarises the results of our analysis. These are discussed and compared
with estimates available from high-temperature series.

Appendices 1 and 2 deal with the analytic continuation in d for various integrals
for the sc and Bcc lattices respectively. This is done by means of integral transform
methods.

Appendix 3 deals with the generalisation of the model described in § 2 to the
classical Heisenberg case where the spin variable has n components. Similar analysis
for this case is presented and again compared with the more sparse information
available from high-temperature series.
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2. Model

The model! studied in this paper was proposed by Wallace (unpublished) and differs
from the standard lattice spin model. It is formulated on a lattice of dimensionality
d with lattice spacing A~' and N sites. The dimensionless configurational energy has
the form

N N
% z K,‘jS,'S,""‘ Z H,'S,‘ (21)
= i=1

with sums running over lattice sites / and j. The exchange coupling constant K;; is a
matrix connecting spins s; and s; at sites / and j respectively and we will consider the
case of nearest-neighbour interactions only. The spatially dependent external field
H,; couples linearly to the spin variable 5. The spin variable s; at each site { is the
sum of L independent copies of a ‘spin 5’ at that site normalised with a factor of L™*/2.

L
;=LY o witho,, =+1;m=1,...,L. (2.2)
m=1

Two special cases of this model are of note. The case L =1 is the ordinary spin-3
Ising model. The case L = is the free Gaussian model.

In order to extract a field theory from this lattice model a Hubbard transformation
(Hubbard 1972, Baker 1962) is used. This employs the trick of regarding the partition
function, Z, as the result of performing a Gaussian integral with respect to a discrete
field variable by completing the square in the field variable. This decouples the terms
in the spin variables s; and s, so that the configurational sum over the spin variables
in the partition function may be explicitly performed.

Z{H}=) exp(~¥/kT)
{s;}

={§ICJ Hd¢,exp( ZK.,¢¢;+Z ¢:+H)>

i =1

=C£ H de,; exp( 2 Ki'dp+ Z L In cosh[( ¢,+H)L‘”2]) (2.3)

Lj=1

where C is a constant independent of ¢, and H; which contributes only to an overall
scale factor and will be omitted in the following.

Interaction terms in ¢; will be generated by expanding the In cosh term of (2.3)
for zero external field. One of these terms will be quadratic in ¢, and it is convenient
to separate the terms occurring in the exponential in (2.3) into two pieces,

N
Z ¢ K;' + 2 L In cosh(g:L™"/%) = %% + H,n, (2.4)
with

%=} % b Kt +3 Z ®?, (2.5)

111

K = Z[Llncosh(d:,L’”z —3671. (2.6)
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The reduced Hamiltonian %' defined in (2.5) contains all the terms quadratic in
the field while &, defined in (2.6) specifies the interaction terms.
We introduce Fourier variables by

‘bi:N_lEk:(bk exp(—ik - r;) (2.7)

where r; is the position vector of the site / and the summation over k extends over
the Brillouin zone of the lattice. For an isotropic nearest-neighbour exchange coupling
constant K; we may immediately express (2.5) in momentum space using (2.7),

#?=-IN"! ; i (K '(k)—1) (2.8)
where

Kk)=Y Kjexplik(r;—r)]=K Y explik -a,) (2.9)
(i—f) n=1
where a are the lattice vectors of the nearest neighbours, K is the magnitude of the
isotropic exchange coupling constant and v is the coordination number of the lattice.
Using the relation (2.7) we may also express the interaction terms given by (2.6)
in momentum space as follows:

H=—(12LNH ¥ f[¢knA(>i_kn)+<45L2N6>‘ > 16 (Z )

ki.kgn=1 n=1 ki..keg n=1

8 8
~172520L°N% T 1‘[¢knA( Zlk,,>+0(L‘4) (2.10)

ky..kgn=1

where the vector nature of the momenta {k} has been suppressed and the A function
imposes momentum conservation at a vertex modulo a reciprocal lattice vector G by

A( Y k,,) =N if Y k,=G for G some reciprocal lattice vector,
n=1 n=1
=0 otherwise. (2.11)

We consider the thermodynamic limit in which the number of sites of the lattice,
N, tends to infinity. In this limit the discrete sum over the N points on the Brillouin
zone is replaced by an integral over the momentum k according to the prescription
for a general function f(¢;)

V BZ P
hljxg;ﬁchbk) 5 )j d% fldw) (2.12)

where the integral runs over the Brillouin zone of the lattice and V is the volume of
a unit cell. For a lattice of general dimensionality 4 and a lattice spacing A™', V takes
the form

V=wA"" (2.13)

where w is a dimensionless constant dependent on the lattice type but is independent
of d for the sc and Bcc lattices.
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Using (2.12) for taking the thermodynamic limit we may write for (2.8)

o_ __V
2m)°

BZ
j 4% YK K~ 1)k (2.14)

The field ¢, is now rescaled so that it assumes its usual canonical dimensions in
terms of the momentum scale A. This is to highlight certain features of the calculation
by making canonical dimensions explicit and is for convenience only:

k)=V'A . (2.15)
Expressing (2.14) in terms of the rescaled field ¢ (k) defined in (2.15) yields

BZ
%' = '(277)_dJ’ d% 3A’K T (k) =A@ (k) (—k). (2.16)

Equation (2.16) together with (2.9) for K '(k) and the definition of the zeroth-
order bare propagator in momentum space by

(6(q1)8(q2)) =Gy (q1, K, A)8' V(g1 +q2) (2.17)

enables an explicit form for the propagator to be given,

2 v -1 -1
G2k, K, A) = [%( Y explik ~an)) —Az]
n=1

v v

2
=Y exp(ik'a")/(AE—A2 Y explik -a,,)). (2.18)
n=1 n=1

We now examine the interaction terms of the theory given by (2.10) for #,, in
terms of the rescaled field ¢ (k) defined in (2.15) after taking the thermodynamic limit
using (2.12). We may use the property that the propagator (2.18) is invariant under
the replacement of momentum ¢ by g + G where G is some reciprocal lattice vector
to express the A-function of (2.11) by a § function in the following fashion. We may

order the interaction terms as a power series in the dimensionless coupling constant
g defined by

g=2wL"" (2.19)
giving for (2.16)
_ogA 1 % e
K= — 4 (2#)34 Ul (I d CIr(b(‘Ii))‘b( i; ‘Ii)
4g2A25—2 1 5 BZ p s
+ 3 2m? iI=_I1 (J’ d ‘L‘¢(‘I:‘)>¢< —.Zﬁ ‘Ii)
C34g°AT T 1

sz 1] T @)é(- L a)+06 220

This expression keeps track of all Umklapp processes which arise from the original
A-function. It should be noted that no approximation has been made in obtaining a
field theory in terms of the continuous variable ¢ (k) other than taking the thermo-
dynamic limit. We have a well defined field theory with a bare propagator in momen-
tum space given by (2.18) which explicitly displays the presence of the lattice and
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interaction terms given by (2.20) where the canonical dimension of the vertex is made
explicit (see Brézin 1982).

3. Renormalisation group

We examine the field theory by considering the N -point vertex functions. These
vertex functions are the sum of all the connected one-particle-irreducible graphs with
N external legs each carrying a momentum ¢q, (r =1, ..., N) (N is now a parameter,
not the number of sites). In the following all indices on the momenta will be
suppressed. The vertex functions may be expanded as a power series in g and
additionally depend on K, A and {q}.

The formulation of the renormalisation group we shall use is due to Zinn-Justin
(1973) (Amit 1978). The RG equations determine the asymptotic behaviour of the
bare vertex functions as criticality is approached. In this limit they become independent
of the scale of the cut-off, A. The equation for the N-point vertex function takes the
form

9 3 3 N o~ .
TN ag Y8y 11,8 A)= 1
(/\61\+B(g)ag Y (g)tat 27¢(g)>I‘ (q;t, g, A)=AT (3.1)

where ¢ is a measure of the deviation of the temperature variable K from its true
critical value K.. The term AT is smaller by order t/A*, gq®/A* up to powers of
ln(t/Az), ln(qz/Az) in an ¢ expansion compared with the leading terms retained in
I'™(q;1 g A). The region 1« A% g®« A’ is the critical regime we aim to study.
Keeping only the leading terms in the vertex function in this critical regime leads to
the homogeneous equation

9 3 3 N
(/\J+ﬂ(3)@+ vd,z(g)t(;;—in(g))l"(”)(q; tg A)=0. (3.2)

The RG functions B(g), ¥+2(g), v+ (g) may be obtained as power series in g and ¢
by applying equation (3.2) to three independent vertex functions and solving the three
equations simultaneously. Suitable choices for these independent vertex functions are
r(0;1, 8 A), T'(0; 4, g, A), [®(q; 0, g A).

First we must express the vertex functions as a function of the variable ¢, the
reduced temperature, instead of K. The introduction of ¢ can be accomplished by
mass renormalisation using a counterterm. We start by identifying the zero of the
two-point vertex function at zero external momentum calculated with the bare propa-
gator as a function of K with the zero of the two-point vertex function calculated
with a renormalised propagator and a mass counterterm,

r'*0;K =K., g A)=0
=I'%0;r=0,g A)=0. (3.3)

A suitable definition of the counterterm is achieved by decomposing (2.16) for
' in the following fashion:

-1 (B2 . ATANK —v) -1

o= | dag[ s @e a0k

><(AzKCy/K ~A*3;_expliq-a,)
3.1 expliq-a.)

%(2) —

)o@ -a)] (3.4
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The first term in ¢ (q)¢ (—q) in (3.4) is momentum independent and is the counter-
term. The second term in (3.4) in ¢(q)¢(—q) is the inverse of the renormalised
propagator.

Condition (3.3) for the two-point vertex function requires that the mass counter-
term is O(g) so that

K:'=v+0(g). (3.5)

This has immediate consequences for the renormalised propagator. The prefactor
( ch)_1 in (3.4) can be expressed as a power series in g with coefficients determined
by (3.3) for the mass counterterm. There will be additional terms at each order in g
in a graphical expansion coming from this expansion of the renormalised propagator
in terms of g. For calculational purposes it is convenient to separate the power series
in g arising from the factor (vK.)™' and define an effective propagator

. v AK. - ,
Gt A=Y exp(iq-an)/(TV—A2 Yy, exp(1q-a,,)>. (3.6)
n=1 n=1
Integrals calculated with this effective propagator give rise to terms of the form
In t/A® where the reduced temperature ¢ is defined by

r=A*K/K-1). 3.7)

4, Graphical expansion

The graphs with up to two loops contributing to the two- and four-point vertex
functions are displayed in figures 1 and 2. It is convenient to classify the graphs by
their order in g including contributions arising from expanding the counterterm and
prcpagators as power series in g. The overall sign of the graphical contribution will
be made explicit, as will the canonical dimension in terms of the momentum scale of
the graph:

I'q;68M)=[GF @4t M] " +g3:1(q, ) -g’2a(g, )+ 0>,  (4.1)
T'(g;1,8 A) =A(g—g’Ili(q, ) +g°TL(g, 1) + O(g*)). (4.2)

21(g, t) is the sum of figures 1(4) and 1(c) plus a contribution from figure 1(a) at
O(g). 22(q, 1) is the sum of figures 1(d)-1(f) plus contributions from figures 1(a)-1(c).
I11(q, t) denotes figures 2(b) and 2(c) and Ilx(q, ¢) is the sum of figures 2(d)-2(I) plus
contributions from 2(b) and 2(c) at the appropriate order.

0 e &

(a) (b) (c) (d)
(e} (f) {g)

Figure 1. Graphs with up to two loops contributing to the two-point vertex function after
mass renormalisation. The cross on the propagator denotes the mass counterterm.
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<KX Q

(b} {c) (d}

(e) (f) (g) (h)
(1) () (k) )

Figure 2. Graphs with up to two loops contributing to the four-point vertex function after
mass renormalisation.

The presence of six- and eight-point vertices gives rise to additional diagrams such
as figures 1(g), 2(c) and 2(k) not seen in a pure ¢4(x) theory. These diagrams have
a higher degree of ultraviolet divergence, but this is tempered by dimensional factors
present in the six- and eight-point coupling constants in (2.20). The result of this
trade-off is that diagrams containing a six- or eight-point vertex are no more divergent
than the normal ¢ *(x) theory graphs (Brézin 1982).

We now apply the RG equation (3.2) to the vertex functions given in (4.1) and
(4.2) for the three independent vertex functions F‘Z)(q; 0,g, A), Fm(O; t, g, A) and
;¢ g, A). Solving the equations simultaneously allows the RG functions B(g),
v62(g), Yo (g) to be expressed as the sum of diagrams. The only graphs dependent on
the external momentum for the two-point functions are figures 1(a) and 1(d) which
simplifies the computation of (g, 0):

ve(g) = —g’[GF (g, 0, N)Z,(g, 0)|,-0] +O(g>, £g?), (4.3)
d
tys2(g) = ~gA3KZl(0, t)+egZ(0,¢)
d Jd  _
+g[AL5:0,0+ 3,0, DAL (715,00, 0~ T1(0, )

2

Y. _
5 (ASE0,0) +rveg ] +Oes” 8% “.4)
i)
B(g)=—¢g +g2A5Xn1<o, t)—egi(0, 1)
- 3[Ain (0, 1) = 211,(0, HA=T1,(0 t)—lt‘l(Ain 0 t))
gaAz, 1’6A1’-2 an,

8 _
X(A(;XZl(O, t)>—27¢g 2]JrO(gzez, g’e, g%). (4.5)
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These RG functions given by (4.3), (4.4) and (4.5) are finite in the limit t/A*>0
so any divergences in individual diagrams must cancel. We now use the idea of
universality to simplify the calculation by telling us what diagrams must be evaluated
in order to obtain these functions to second order.

5. Universality

Scaling behaviour of the vertex functions is obtained at the fixed point g = g* where
B(g*)=0. The exponents obtained from v42(g*) and v, (g*) are universal, i.e. do not
depend on the details of the Hamiltonian. The universality class of the Hamiltonian
depends only on general features such as the dimensionality of the system and the
number of components of the field. This universality requirement imposes conditions
on the RG functions as follows. We expand these functions as power series in £ and
g;

B(g)=—eg +Bog’ ~Bieg” —Bg” +0(g", £¢°, £g”), (5.1)
¥s2(8) = yog +v168 +v28" +O(g’, eg?), (5.2)
v5(8) =7v:8" +Oleg® g°). (5.3)
Then the condition, using equation (5.1) for B(g),
B(g*)=0
implies that the fixed point is given by
g* = (e/Bo)(1+e(B2/B5 +B1/Bo)+O(e ). (5.4)
The universal exponent governing the corrections to scaling is given by
w=pB'(g*) =¢ - (B2/B3)e* +O(c"). (5.5)

The ratio B,/B4 is fixed by the universality class of the Hamiltonian. There is
always the freedom to rescale the coupling constant g which is reflected in the numerical
value of B¢. Having determined B¢, however, the value of 3, is uniquely prescribed.
The graphical content of 8, can be found from (4.5). It should be noted that all
contributions to 3, arising from the presence of six- and eight-point vertices explicitly
cancel, so that as required B; is independent of their inclusion in the field theoretic
model We have thus reduced the task of finding the non-universal fixed point to
O(e?) to finding the contributions to the terms Bo and B;.

Similarly the universality of the exponent n obtained from v, (g*) means that y;
is determined up to the scale of g and hence Bo. Universality of the exponent v
requires that y,2(g*) has given coeflicients as a power series in ¢, again up to rescaling
g:

31 B2
Y *)——e[1+ ( FRi )+0( )] 5.6
Yeri8 Bo Bo Bg Yo YoBo (5.6)

This allows us to express v, in terms of 81, B2 and ;. This means that only the
one-loop graphs that contribute to B¢, 81 and y; need be determined in order to

perform a two-loop calculation for the amplitude of the leading correction to scaling
in the susceptibility.
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The only integrals that need to be considered are therefore the one-loop integrals
with one and two powers of the propagator given respectively by

BZ
nem=en[ a6 e, 5.7)

BZ n
L(t, A) = (277)“‘[ dq [GF (g, M. (5.8)

After factoring off the explicit A™° momentum dependence which will be cancelled
by contributions from the coupling constants, we may expand the integrals as a power
series in ¢ to obtain the general forms in the limit t/A” - co:

I(t, A) = AoA> ~ 3Byt In(t/A®) + Cit ~3eDt In(t/ A%) + 56 Et In*(t/ A%) + eFit + eKoA?,
(5.9)
L(t, A) = —3B> In(¢/ A*)+ C, ~ 36D, In(t/ A%) + 5 E; In*(t/ A®) + &F,. (5.10)

We now wish to express I1;(g, t), 1(q, t) in terms of these coefficients and so to
find Bo, B1, Yo and y;. Using the mass counterterm consistency equation (3.3), we
may now evaluate the O(g) term in (3.5) that appears as a prefactor before GP (g, t, A)
in (3.4). This enables the contribution to X,(g, t) from figure 1(a) to be expressed in
terms of the coefficients of (5.9), as well as obtaining the mass counterterm itself to
the correct order:

200, 6) = 3[I:(t, A) = 11(0, A)]—31,(0, M)A, (5.11)

I11(0, £) =30,(, A)+2A7L1(5, A). (5.12)

We now express equations (4.4) and (4.5) for the RG function B8(g) and y42(g) in
terms of the coefficients defined in (5.9) and (5.10) using (5.11) and (5.12). Comparing

the resulting expressions with (5.1) and (5.2) order by order in £ and g allows the
following identifications to be made:

Bo=38B:, B1=3(C;~ D7) +2A,, Yo= —1B, ¥1=3(C1 = D1~ Aop),
(5.13)
together with the consistency conditions,
E,=1B,, Ei =3B, (5.14)

which ensure that 8; and v, remain finite as t/A* - 0.

By using the idea of universality we have thus reduced the problem to the task of
determining the coefficients B,, C,, D>, By, C1, D1 and A, of the asymptotic behaviour
of the two integrals I, and I, in the regime t/A% - 0.

These coefficients are determined for the sc and Bcc lattices in appendices 1 and
2 respectively and the results are displayed in table 1.

6. Susceptibility

The susceptibility for the original lattice model in the high-temperature phase in a
uniform external field H is given by

x =0M/3H | -0 (6.1)
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Table 1.
Simple cubic Body centred cubic

Ag 0.239 0.237

B, —0.811 -0.811

C -0.974 0.276

D, 0.175 -0.230

B, 0.811 0.811

C, 0.058 -0.794

D, 0.386 —-0.051

g* e (1+0.618¢) Hmle(1+0.103¢)

where the magnetisation at the site i, M,, is given by

M, =(s;)=091ln Z{H}/3H.. (6.2)
Then using equation (2.3) for Z{H} we obtain for the susceptibility
1 ¥ 4 3
X _ﬁi.i=1 G_H; 5_fZ‘ln Z{H)
1 X -1/2 -1/2 1 N 2
=— Y L{tanh(¢:L ™ ""?) tanh(¢,L™""*))+=— Y (sech’®,). (6.3)
N i1 N =

We may expand the hyperbolic function in (6.3) as a power series in L™ whose
coefficients are correlation functions in the fields ¢; and ¢;. The second term in (6.3)
is purely local and is negligible compared with the first term in the thermodynamic
limit and will be neglected in the following. We may examine this expression in terms
of the rescaled momentum variables ¢ (q) defined in (2.15) from (2.7). The expansion
in L™' now becomes an expansion in g defined in (2.19) with the result for the
susceptibility in terms of Green functions in momentum space:

x=G20:t,8,A)-3gA 2 G (0:1, g, A)+158°A G (051, g, A)
+36g A* ' GA (0,1, g, A)+O(g). (6.4)

In (6.4) a subscript on the Green functions denotes the insertion of one composite
operator in the field ¢'(q) of the degree given in the subscript. These insertions are
made at zero momentum. The superscript refers to the number of external legs as
before.

We decompose the Green functions with insertions of the composite operators in
terms of vertex functions

AT2GY (051, 8, A)=GP(0; 1, g, AT TTS(05 1, g, A)], (6.5)

A* TGP (0;1, 8, M) =GP(0; 1, 8, A[ATTTSV(0; 1, g, A)), (6.6)
A*7*GEL(0; 1,8, A) = G?(0; 1, g, A[ATTTSV(0; 1, g, AT

+ AP TUTER0; 1, g, A). (6.7)

We now examine the vertex functions occurring in (6.5), (6.6) and (6.7) as power
series in g to the required order for substitution into (6.4). The graphs contributing
to the vertex functions are given in figures 3, 4 and 5. Let figure 3(a) be denoted by
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(a) (2]
(¢) (d)
Figure 3. Graphs with up to two loops contributing to the one-point vertex function with
the insertion of a composite three-point operator.

=

Figure 4. Graphs with up to two loops contributing  Figure 8. Graphs with up to two loops contributing
to the one-point vertex function with the insertion  to the zero-point vertex function with the insertion
of a composite five-point operator. of two composite three-point operators.

Hi(q,t), figures 3(b), 3(c) and 3(d) by Hy(q, t), figure 4 by H;(q, ¢) and figure 5 by
Hd(qr t):

AE—ZF(SU(O’ t’ 8, A) = AE-Z[HI(O’ t) _gHz(O, t) + 0(32)], (6-8)
A0, 1, g, A) = A* TU[H;(0, 1)+ O(g)], (6.9)
AFTTR0, 1, g, A) = A** T [HL4(0, 1) + O(g)]. (6.10)

The result of the explicit powers of the momentum scale multiplying the graphs
is to pick out only the leading ultraviolet divergence of the graphs eliminating the
dependence on . In (6.8) and (6.9) the momentum factors cancel, leaving only a
numerical coeflicient. These may be written as

ATTTE0, 1,8, A) =3A0—gb + O(g2) + O(t/A?), (6.11)
A*T05 1,8, A) = 1543+ O(g) + O(t/A?). (6.12)

6 represents the coefficient of the leading ultraviolet divergence of the graphs in
H,(0, t) and A is defined in (4.9).

H,(0, t) has only A%~ 2 ultraviolet divergence so that substitution into (6.10) leaves
it with an overall momentum scale A% As G2(0, ¢, g, A) has its leading divergence
as ¢!, then when (5.10) is substituted into (5.7) the second term can be seen to be
O(t/A?) with respect to the first, and so may be dropped in the critical regime. This
allows G?(0, 1, g, A) to be pulled out as a common factor in (6.4), giving the following
expression for the inverse susceptibility:

x 1=T20;1; 8, A)[1+Acg +8g°+0(g?), §=0-3A3  (6.13)

The effect of nonlinear coupling of the field ¢ (x) to the external field H (x) has
introduced a correction (in the form of a power series in g) to the normal practice of
identifying the inverse susceptibility with the two-point vertex function.
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7. Method of characteristics

We now seek to find the crossover scaling form for the susceptibility as its critical
behaviour changes from being described by the Gaussian fixed point to that described
by the Heisenberg fixed point as criticality is approached. This will enable us to derive
the form of the susceptibility in the asymptotic regime, and will yield an ¢ expansion
for the amplitude of the leading corrections to scaling. The method is that of Bruce
and Wallace (1976). It uses the method of characteristics to relate the vertex functions
close to criticality to those far from criticality where a perturbation expansion for the
vertex function may be trusted.

We start from the homogeneous RG equation for the vertex functions (3.2) with
the RG functions B(g), v+2(g), Ye(g) having the expansions given in (5.1)-(5.3).

We define a running coupling constant g(r) and a running temperature ¢(r) to
examine the vertex functions when the cut-off A is rescaled by a factor e”. Then
running quantities are chosen to satisfy

dg(r)/dr =B(g(7)), (7.1
de(r)/dr = ye2(g (1))t (1), (7.2)

with the initial conditions
gir=0)=g, tr=0)=¢ (7.3)

This allows us to solve formally the RG equation (3.2) using the functions defined
in (7.1) and (7.2):
;1,8 M) =exp( ~IN [ valetr)1dr )TV (@ 1(r), gir), A ). (7.4)
0

We solve (7.1) and (7.2) subject to the initial conditions (7.3) perturbatively as a
power series in g and e correct to the required order using a form suitable for
expanding about the fixed point g*. The results are

g*—g(t N\l g\ _ ..
( g* -8 ) (g(T))—e 73
where
=B'(g*) =¢ —(B2/B5)e*+0(e>); (7.6)
tr) = (gg’—g() {1+clg(r)-g) (1.7)
where
_Yo Y2 2v0B2  ¥1_ YoB:
By ¢ (33+ B3 "Ba" B%) (7.8)
¢ =yoB2/B5 +v2/Bo; (7.9)

exp(—fofn,[gu')]dr') (-g—@) {1+blg(r)-g)} (7.10)
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where
a=—(ys/Bd)e, (7.11)
= ~v3/Bo. (7.12)

It should be noted that w, p and a are universal.

Using equation (7.4) we may now express ro; gt A) in terms of ro;
t(r), g(r), Ae”). We simplify by choosing A =1, and expressing the vertex function in
graphical terms using the coefficients defined in (5.9) we obtain

r'?0;s,g1)= exp( —J volg(r)] df')t(‘r)

x{1—~3g(r)B; In[t(r)e > ]+3C1 —3A 0+ Oleg(r), g2 (1)} (7.13)

We make a choice of 7 such that the perturbation series in g(r) may be trusted.
A suitable choice is

tir)=e (7.14)

which eliminates all powers of logarithms occurring in (7.13). Although the choice
(7.14) for  means that terms which we have neglected as being of order (t(r)/A% ")
are O(1), this causes no problems as the RG equation (3.2) holds for the leading
divergent terms alone, regardless of the presence of less divergent terms that may be
of the same order for particular choices of 7 (see Bruce and Wallace 1976).

We substitute for ¢(r) and the exponential factor in (7.13) using (7.7) and (7.10)
and finally use (7.14) in (7.13) to give the following expression for the inverse
susceptibility:

=1(1+Aog +8g" +0(g ))( = _g(g &) s +b)gtr) -1+ O((g () ~g )]

X[1+3Ci—Ao)g(r)+Oleg(r), g*(+))]. (7.15)

We may rewrite this expression, separating off all dependence on g into a non-
universal overall scale factor Z(g) which is a power series in g correct to the order
keptin (7.15):

1=Z(g )z(———g—é—)> [1+(c+b+35C;—3A0)g(m)]. (7.16)
Condition (7.14) substituted in (7.5) gives
g(r)) Tt (r) 3 £)(1-£) Tl
—t=t =J1-= 7.17
( g g* g* g* 7.17)

Solving (7.17) for g close to g* yields
glr) _
*®

—-(g*/g))g/g") " T +0(r*?) (7.18)

where corrections to scaling are governed by the exponent &:

1 25 2
e —tose+0(”).

W = wy
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Substitution of (7.18) into (7.16) yields an expression explicitly displaying correc-
tions to scaling, with a different overall scale factor Z'(g):

x '=Z'(@n[1+1%Ag)], y=1+ +252+0(@ED), (7.19)
1 25 1 yoB2 ¥2 vi 25 g
A(g)’{i [162+260(C1 Ao+ g3t g3 33+1621< )]}(1 g>‘ (7.20)

Equation (7.20) for the amplitude of the leading correction to scaling is only valid
for g close to g*. For the situation further from criticality the full crossover form
(7.16) should be used for the susceptibility.

8. Results and discussion

The model examined in this paper has interesting features as a field theory. The
presence of higher-order interactions, normally regarded merely as irrelevant, has of
course noticeable effects on non-universal quantities such as the fixed point (5.4) using
the contributions calculated from graphs in (5.13). The term in A, would not be
present in B, in the usual ! theory. These higher-order interactions also influence
the coefficients appearing in the amplitude of corrections to scaling in (7.20). In
contrast, universal quantities are found as expected to be independent of the presence
of these interactions with explicit cancellations occurring in the graphs contributing
to B, in (4.5) and in y42(g*) in (5.6). The introduction of an external field coupled
nonlinearly to the field ¢ (x) was found only to change the amplitude for the susceptibil-
ity by a prefactor which is a power series in g in (6.13). The analysis performed in
§ 6 shows that this power series merely contributes to an overall scale factor at the
order in ¢ and g as the coefficients of the power series are not functions of ¢ or A.
The presence of the power series prefactor would introduce a contribution to the
amplitude at O(e %) when a more careful factorisation of (7.15) to extract the overall
scale factor Z(g) in (7.16) would have to be performed.

The fixed points have the values shown in table 1 correct to second order in a
presumably asymptotic series in ¢. It should be noted that the term of O(e ?) is much
smaller for the Bcc lattice than for the sc lattice. To check the convergence of these
series it would be desirable to perform a higher-order calculation. This would be
rendered very difficult by the need to calculate graphs with more than one loop where
the complicated form of the propagator and the shape of the Brillouin zone prohibit
the use of many of the common tricks for evaluating higher-order graphs. We must
draw what conclusions we may with the figures available from table 1, and can
presumably attach more confidence to numerical results for the Bcc lattice than for
the sc lattice due to the smaller coefficient of the O(sz) corrections to g*.

The expression for the fixed point of L corresponding to g* can be evaluated in
two ways. We may identify L™ =2w/g*, having evaluated g* for given ¢, or we may
express L* as a power series in ¢ and then insert the prescribed value for e. The
difference between the two methods is considerable for the sc lattice but only slight
for the BcC lattice. We shall use the first method of evaluating L* as the specification
of L in a given dimension uniquely defines g. Using the fact that w =1 for the sc
lattice and w =1 for the Bcc lattice, with w defined in (2.13), we obtain the following
results in three dimensions:

L*=2w/g¥, (8.1)
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d=3 L¥- =1.50, (8.2)
d=3 Licc =1.10. (8.3)

Before these results can be compared with high-temperature series work, the
relationship between the number of copies L and the spin s of an Ising system must
be considered. The number of possible spin states is the same with L copies and a
spin of magnitude L/2. The copy model will have a binomial distribution of spin
values as opposed to the flat distribution for the spin case. We may therefore identify
the L copy model with a spin model of s = L/2, but this spin model will be impure
with traces of behaviour of lower values of s in addition. This identification is exact
for L =1 and, presumably, reasonable for low L. Results (8.2) and (8.3) suggest that
the amplitude of confluent singularities should vanish for a spin value slightly greater
than s = 5 for both lattice types. There is little in the literature with which to compare
this result, but the fact that confluent singularities have proved very difficult to find
for the spin-3 sc model and the spin-3 Bcc model may partially substantiate this result.

Nickel (1981) has shown that the amplitude of the confluent singularities is
dependent on the spin s of the Bcc Ising model in three dimensions. Further, the
amplitude of corrections to scaling does indeed change sign between s =% and s =0,
indicating that there is a zero in the amplitude for some s between s =3 and s = 0.

We may now evaluate expression (7.20) for specific lattice types and a given
dimension using the coefficients given in table 1. The general forms of the amplitudes
for the sc and Bcc lattices are

A(g)sc={3+e[0.329-Z5In(g/g*) (1 -g/g*), (8.4)
A(g)sce={3+£[0.334 - &5 In(g/g*) ]} (1 —g/g™). (8.5)

With the connection made between spin s and number of copies L (and hence g),
the functional form of the amplitude given by (8.5) is seen to be in good agreement
with Nickel’s findings of the change of sign in the amplitude between s =3 and s = c©
with a zero in the intermediate region.

Due to the equivalence of L=1to s =1we may use (8.4) and (8.5) to determine
the amplitude of corrections to scaling for the spin-; Ising model in three dimensions
for both the Bcc lattice and the sc lattice:

A(s =3,d =3)sc=0.243, (8.6)
A(s =3,d =3)pcc =0.062. (8.7)

Nickel (1982) estimates the amplitude for the spin- 3 case on the BCC lattice using
high-temperature serxes methods. He does this by evaluating the difference in ampli-
tudes between s=3and s =00 and assigning most of the difference to the amplitude
for s =3. The value he quotes is

A(s=3,d=3)pcc=0.13. (8.8)

This value depends crucially on what value for the correction to scaling exponent &
he takes. This number is taken from the RG estimates, but the series in ¢ which
determines @ is poorly convergent and it is only by resumming the series taking into
consideration the dominant terms at each order in ¢ that the value & = 0.5 is achieved.

Roskies (1981) also estimates the amplitude of corrections to scaling for the spin-3
Ising model on the Bcc lattice using high-temperature series methods. He directly
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estimates A (s =3, d = 3)gcc, but again this value is crucially dependent on the assump-
tion @ =0.5. His estimate is

0.05<A(s =3,d=3)<0.07. (8.9)

While there is very encouraging agreement between (8.9) and (8.7) this must not
be relied on too heavily. In determining the amplitude of the leading corrections to
scaling as a series in £ in (8.4) and (8.5), it must be noted that the term of O(e) is of
the same magnitude as the term O(1). In addition, contributions to the amplitude
contain terms in the series that determines @ (which is poorly converged as already
stated), as can be seen from the examination of (7.16) in conjunction with (7.18).
The small magnitude of the amplitude is largely attributed to the proximity of L* to
L =1, to which may be attached more confidence due to the size of the O(e?) term
for g*.

The larger magnitude of the amplitude of corrections to scaling in (8.6) for the sc
case originates in the fact that L* is not as close to L =1 as it is for the Bcc case.
The series for g* appears poorly converged and so no great confidence can be placed
in the estimate (8.6). The consistent failure of high-temperature series work (e.g.
Gaunt and Sykes 1979) to detect confluent singularity terms may indicate that the
evaluation of L* to higher orders would push L* closer to L =1, so reducing the
amplitude given by (8.4).

In summary, the analysis carried out in this paper bears out the qualitative features
of high-temperature series work on amplitudes of corrections to scaling (Nickel 1981),
and in addition suggests a good numerical comparison with high-temperature series
estimates for amplitudes (Nickel 1982, Roskies 1981).
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Appendix 1. Simple cubic lattice

We consider the evaluation of the integrals I;(¢, A} and I»(t, A) defined in (5.7) and
(5.8) for a sc lattice with lattice spacing A™'. The sum over lattice vectors in (3.6)
may be performed with the result

A 238 cos(gi/A)

GP g, t,A) = = ’ All

RCERY 2dA’K./K —2A% =7 cos(qi/A) (AL.1)

with ¢ a d-dimensional vector with components q,, i =1, ..., d, and the coordination
number of the lattice » = 2d. Integrals over the Brillouin zone of the lattice take the
following simple form for any function F(q):

jBZ dqF(g)=1] (I\ d,)F(q). (A1.2)

i=1

The combinations of integrals that must be evaluated are given in (5.11) and (5.12)
for 2,(0, ¢) and I1,(0, 1).
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We shall give a detailed analysis of I,(¢, A); corresponding analyses can be carried
out for the other integrals appearing in (5.11) and (5.12):

A 237 cos(gi/A) 2
L A= (217)d Hl U das (2dA2KC/K 2A% 3L, cos(q; /A)) ] (A1.3)

We rescale the momenta q; =q;A”" to make explicit the momentum scale of the
integral. This factor of A™° will be cancelled by A® coming from the coupling constant,
and it will be omitted in the following as will the primes on the rescaled momenta:

L A)= 277)", 1(J )( (2ch/2122—c-1[2<c2/§1)0084f>

(2dK./K)* )
(2dK./K =2 3%, cos q:)?

d
—1+m ] (f da.)(z*/y*~2z/y) (Al4)
i=1
where
z =2dK./K =2d(1 +1A™?), (A1.5)
d
y=2z-2) cosq;>0 for ¢t >0. (A1.6)
i=1

We now express the integrand in (Al.4) as a Laplace transform with respect to
the variable y. This transform is well defined for y >0

L, A)=1+2m [] (j_: dqf)(Jom ds e ™ (z% —2z)). (A1)

i=1

We now change the order of integration in (A1.7) and use

d
e ™ =exp[—s(z -2 3 cos q‘-)} o H exp(2s cos q;) (A1.8)
i=1

and the identity
e =e % exp(—~2dst A7) (A1.9)

to factorise the momentum integrals, yielding

—2s

L{t, A)=1+ J‘: ds [exp(—-2dstA_2)(z ) —2z)(e277 J'_: exp(2s cos q) dq)d]. (A1.10)

The one-dimensional momentum integral may be performed to give a modified
Bessel function of order zero which allows (A1.10) to be expanded as a power series
ine=4-4d:

L, A)=1+ J [exp(—8stA72)(64s — 16)([o(2s) e 2*)*]ds —¢ j {exp(—8stA™%)
0 1]
X (Io(2s) € **)*[(64s — 16) In[Io(2s) e >*]+32s —4] ds
+0(eH)+0(t/AY). (A1.11)
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From the first and second terms in (A1.11) the coefficients B, and C, defined in
(4.10) can be obtained and from the third term E; and D, can be obtained. Similar
methods can be used to determine the coefficients in (5.9). The results are noted in
table 1.

Appendix 2. Body centred cubic lattice

For a Bcc lattice with lattice spacing A~' in d dimensions then the sum over lattice
vectors in (3.6) may be performed yielding

24 Hf=1 cos(qi/2A)
29A*K./K ~2° T1%_, cos(qi/2A)

with q a d-dimensional vector with components g, i =1, ..., d, and the coordination
number v =27,

Integrals over the Brillouin zone of a Bcc lattice in d dimensions have a very
complex form. We may use the general result which holds for any general dimension
for integrands which are of a certain functional form,

ai—y,‘[Bzdqu(H cos ZA)

(27r)d (J' Mdd“‘)[ (H°°S ) ( Hcos )] (A2.2)

which can be proved using the symmetry properties of the Brillouin zone. This allows
us to proceed to evaluate the combinations of integrals given in (5.11) and (5.12) for
24(0, t) and I1,(0, 1).

We shall give a detailed analysis for I,(t, A); corresponding analyses can be carried
out for the other integrals appearing in (5.11) and (5.12).

Using (A2.1) and (A2.2), we may recast (5.8) in the form

GY g N= (A2.1)

2¢ I, cos(qi/2A) ’

e A)= (217)" (J_,Ad"‘>[(zdx2KC/K—2"H?’=lcos(qf/A>)
( 2¢ nflcos<q/2A) )2]
2°A’K /K +2° I, cos(qi/2A)) T

We rescale the momenta g = q;/(2A) to make explicit the momentum scale of the
integral. This factor of A™° will be cancelled by A° coming from the coupling constant,
and it will be omitted in the following, as will the primes on the rescale momenta.
We start from the following expansion and change of variables:

1 4 72 K/K K/K
L, A) = — (I d i){z—z( E - : )
26 A) m? ]—I /2 gl K/K.—TI{—, cos g; K/KC+H§1=1<:osq,»

- [(K/Kc —Kéii cos q,»)2 * (K/chf/licl cos q,»)z}}

1 4 /™2 2 2 1 1
B ) )
wdill _w/zq l+ay l-ay (1+ay)2 (1—ozy)2

(A2.3)

(A2.4)
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where
d
y=]]cosq <1, (A2.5)
i=1
a=K/K=(1+:A"H"<1 for ¢t >0. (A2.6)

We now express the integral of (A2.4) as an inverse Mellin transform with respect
to the variable y defined in (A2.5). This is well defined for the condition a <1 in
(A2.6):

1 4 /2 1 (CH® g
Lt A)=2+— (I dq;)(—'—.J‘ —exp(—-s Iny)[F2,s,s+1;a)
T =t /2 2milesic 8

+FQ2,s,s+1;,—a)~2F(1,s,s+1;a)-2F(1,s,s +1; —a)]) (A2.7)

where F(a, B, v;z) is the hypergeometric function, s is a complex variable, and
0< C <1 for the integrals to be well defined. We interchange the order of integration
where the choice of transform enables the integrals over the momentum components
to be factorised, yielding

C +ico
Iz(t,A)=2+L,J gs-[F(Z,s,s+1;o¢)+F(2,s,s+1;—cz)
2miJesin
—-2F(1,s5,s+1;a)=2F(1,s,5+1; ~a)]
w/2 d
X [— J- dg exp(—s In cos q)] . (A2.8)
T Jen/2
Using the result
+7m/2
%J dq exp(—k In cos q) = [[(G—3k)/T(1 - k)= fork <1 (A2.9)
—m/2

equation (A2.8) takes the final form
C+icod

Iz(t,A)=2+——,J' SIFQ,s,5+1,a)+F2,5,5+1; —a)
2mi C—io §

—2F(1,s,s+1;—a)-2F(1,s,s +1; a)[TG—3s)/T(1 = 3s)m /2%,
(A2.10)
Equation (A2.10) may be evaluated by contour integration techniques. The integral
may be closed at infinity in the negative half plane, with the result that I,(¢, A) is given
by the sum of the residues of the hypergeometric functions which have poles for s

equal to a negative integer.
For a general term in (A2.10) we have, for an integer n,

lim F,s,s+1,a)s ' =T(=n)@).(-1)"a"F(v +n,0,n +1, a) (A2.11)

s=»>—n,n#0
where

Flv+n0,n+l,a)=1, @) =Tw+n)/TE).
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The residue from the hypergeometric function is proportional to the residue of
the gamma function and, together with the result that for s =0 the residue is equal
to —2, we have for (A2.10)

sy a"+a_n F(%+%n)
Lo A=2-2+ % (2 )[F(H%n)w”z

d

| @200,

= f a’(@m =2)TG+m)/TA+m)r'*T (A2.12)
m=1

Expanding (A2.12) as a power series in ¢ yields

Lt AN=7"7Y a*"dm-2)g——r——

x I“G+m) TG+m) )

2" (4m — +0(e?). A2.1
X,,zl" =) = ! (r(1+m)7r”2 Ote”) (A2.13)
From (A2.13) the coeflicients B,, C,, D, E, and F, defined in (5.10) can be found
and are listed in table 1.

Appendix 3. The n-component spin model

We consider the generalisation of the model to the case where the spin variable, s,
has n components. The O(n) symmetric reduced Hamiltonian is given by, with the
symmetry breaking external field H,,

¥
~7 =il Ksis =L His, (A3.1)
5y i
We take the spin at site i, s;, to be the sum of L copies of classical n-component
spins @y, m = 1,2,..., L normalised by a factor of L2
1 L 1
=LY O, O] =12, (A3.2)
m=1

The configuration sum over the s; in evaluating the partition function Z becomes
the product of L integrals over the solid angle of an n-dimensional hypersphere at
each site of the lattice;

N L
y4 =(Z)exp(-9’€/kT) = H1 1 J’dﬂim exp(—%/kT)
s i=1lm=1

where the reduced Hamiltonian is expressed in terms of the variables ¢

Performing a Hubbard transformation in the variable ¢; with n components to
extract a field theory yields

I
z-11 J 0 j Do exp( -3 T Ki'd, ¢, +Y (b +H): \Zl L*”a,-,,,). (A3.3)

i=1
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The integration over solid angles in (A3.3) reduces to performing

= I D¢ exp( —%%Kﬁld’. )[ 1 H <5n—1 J: d6y, sin" "~ 6y

i=1m=1
x exp{[(¢; + H:)(Ln)""? cos Oim]})] (A3.4)

where s,_; is the surface area of an (n —1)-dimensional sphere and (¢; + H;) is the
modulus of (¢; + H;). The one-dimensional integral in (A3.4) may be performed with
the result

2n1/2L1/2 n/2-1
(¢ +Hi))

)|

_ J' Do exp{ —%leK;1¢i .¢}.+ZiL ln[an(

where I,,,;-1(x) is a Bessel function.

The interaction terms may again be obtained by expanding the Bessel function as
a power series in ¢; for zero external field. Defining the dimensionless coupling
constant g, with w defined in (2.13), by

g=4w/d(n+2)L (A3.6)

we may decompose the reduced Hamiltonian into a quadratic term and interaction
terms ordered as a power series in g. On taking the thermodynamic limit and using
a rescaled field variable in momentum space ¢{(q) defined in (2.15), we obtain for
these two terms

BZ
%‘2)=—<2ﬂ>“’j g HAK (@)~ ADS(q) b (- (A3.7)

=L 1 ([ s )( z )

220 +2)AF 2 1 . S .
3(n+d) 6! (2w)5dmgl(qum¢(qm)>¢( mZzlqm)+0(g )

(A3.8)

In (A3.8) scalar products between the n-component fields must be taken in order
to maintain the O(n) symmetry of the Hamiltonian.

The theory of this n-component model now parallels the discussion of the one-
component model using the usual techniques for handling n -component fields. There
are two sources of dependence on the number of components; that arising from the
combinatoric factors of graphs and that coming explicitly from the coupling constants
in (A3.8). In terms of the coefficients defined in (5.9) and (5.10) the expression for
the fixed point g* reads

0 (1, [33n+18) po 4(n +2)
*= —_
g _(n +8)lel+ [ (n +8) BZ ( 2 D2+ (n +8) AO)]} (A39)

Using the prescription

L*=41W/4(n +2)g* (A3.10)
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we obtain the following results for the sc and Bcc lattices in three dimensions (using
table 1 for B, C; and Ag):

L¥(n=2)=1.216, (A3.11)
Lic(n =3)=1.048, (A3.12)
L¥cc(n =2)=0.880, (A3.13)
Licc(n =3)=0.752. (A3.14)

Again the expression for g* as an ¢ expansion appears to be much better convergent
for the BcC case than the sc case and so more reliance may be placed on figures
obtained for the Bcc lattice.

The analysis of § 6 for the susceptibility gives the same qualitative results as before,
that is modifying the relation between the susceptibility and the two-point vertex
function by a power series in g with different numerical coefficients. This allows the
analysis of § 7 to proceed as before to obtain the general form of the amplitude of
the leading corrections to scaling as

£
A(g)={K1+e[K2+yo—l§2+y—§—y—§+K1K3ln(%)]}( ~g—> (A3.15)
Bo o Bo g 8
with
_n+2 _(n+2)(n*+22n+52)
Ki=rs K= 2(n +8)° ’
X _(=n’+8n+68) i _ (n+2)
3 2n+8)7 BS 2(n+8)7%
ﬁ=(n-+-2) &=3(3n+14)
Bo (n+8) By (n+8)7° "

Using (A3.15) we may predict the amplitude for the leading corrections to scaling
for the classical Heisenberg models with n =2 and n =3 in three dimensions for the
two lattice types with the results:

A(n =2)5c=0.216, (A3.16)
A(n =3)sc=0.040, (A3.17)
A(n =2)gcc= —0.129, (A3.18)
A(n =3)scc=—0.359. (A3.19)

Information from high-temperature series for the n =2 and n =3 cases is much
more sparse than for the Ising model, and the shorter series do not enable accurate
determinations to be made of exponents (see Rushbrooke et al 1974 for a review)
and no confirmation of the presence of confluent singularities has yet been attempted.
Again the estimates (A3.18) and (A3.19) are to be trusted more than (A3.16) and
(A3.17) due to the better determination of g* for the Bcc lattice. The most striking
result from (A3.18) and (A3.19) is that the amplitude of the confluent singularities
should have the opposite sign for n =2 and n =3 from the Ising model, and this
qualitative feature may be easier to determine from high-temperature series work.
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